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Abstract
We present an investigation of spinning black holes in Einstein–Gauss-Bonnet–dilaton (EGBd) theory.
The solutions are found within a non-perturbative approach, by directly solving the field equations. These
stationary axially symmetric black holes are asymptotically flat. They possess a non-trivial scalar field
outside their regular event horizon. We present an overview of the parameter space of the solutions
together with a study of their basic properties. We point out that the EGBd black holes can exhibit
some physical differences when compared to the Kerr solution. For example, their mass is always bounded
from below, while their angular momentum can exceed the Kerr bound, Also, in contrast to the Kerr
case, the extremal solutions are singular, with the scalar field diverging on the horizon.
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1 Introduction
The Einstein–Gauss-Bonnet-dilaton (EGBd) gravity is one of the most interesting and best motivated exten-
sions of General Relativity (GR). This model modifies the Einstein-Hilbert action by adding a (real) scalar
field non-minimally coupled to the Gauss-Bonnet (GB) invariant. The resulting theory possesses a number
of attractive features. First, the EGBd model is the only theory of gravity with quadratic curvature terms
in the action leading to second order equations of motion. Second, the terms in the EGBd action naturally
occur in the framework of the low-energy effective string theories, see e.g. [1], in which case the scalar field
can be seen as the string dilaton. Moreover, the EGBd gravity can be considered as a particular case of
Horndeski gravity [2], a theory which attracted recently a lot of interest. A review of these aspects in a more
general context can be found in the recent work [3].
Similar to the GR case, the EGBd model does not possess particle-like soliton solutions1. However,
there are black hole (BH) solutions, which intrinsically violate the ‘no hair’ conjecture, possessing always
a nonvanishing scalar field2. The study of BH solutions of the EGBd gravity has started with the work
[6, 7], where the generalization of the Schwarzschild solutions was found in closed form within a perturbative
approach. The fully non-perturbative solution was constructed numerically in [8, 9, 10, 11, 12]. Perhaps the
most interesting result there is the existence of a minimal mass for the static BHs, which is set by the GB
coupling constant.
In analogy to the GR case, these solutions should possess spinning generalizations. However, their study
is much more involved, and mainly perturbative results have been reported in the literature. Here the most
advanced results obtained so far are those in the recent work [13]. That paper reports an approximate
construction of the spinning solutions in EGBd theory which is of fifth order in the black hole spin and of
seventh order in the GB coupling constant (for previous work in this direction, see [12, 14, 15]).
The perturbative approach has the advantage to lead to closed form expressions of the solutions and to
allow for a simple and direct computation of various quantities of interest. At the same time, it is clear that
a number of important features (in particular those occurring in the fast spinning regime of the solutions)
cannot be caught within this framework.
A different approach has been taken in Ref. [16] which has given a first discussion of the spinning solutions
in EGBd theory within a non-perturbative framework. There, the field equations were solved numerically,
and the basic properties of the solutions were compared with those of their GR counterparts. Perhaps the
most exciting result reported in [16] is that the BHs in EGBd theory can slightly exceed the Kerr bound3.
Moreover, the innermost-stable-circular-orbits (ISCOs) can differ from the respective Kerr values. Also, as
discussed in [17], the quadrupole moment of EGBd black holes can be considerably larger than in the GR
case.
The main purpose of this work is to provide a detailed description of the (non-perturbative) spinning
BHs in EGBd theory reported in [16], with special emphasis on the construction of solutions together with
their domain of existence. The paper is organized as follows. In Section 2 we describe the EGBd theory, the
Ansatz and the boundary conditions taken. We also introduce physical quantities and discuss the numerical
procedure together with the known solutions. This general framework is used in Section 3, where we present
a discussion of the solutions. Finally, in Section 4 we summarize our results and enumerate a number of
research directions that can be addressed in the future. In Appendix A we provide some details on a set of
EGBd critical solutions which form a part of the boundary of the domain of existence, while Appendix B
contains a discussion of the issue of extremal solutions within the near horizon formalism.
1Interestingly, as shown in [4, 5], the EGBd model allows for traversable wormhole solutions, without needing any form of
exotic matter.
2In contrast to other models possessing solutions with scalar hair, the (pure) Einstein gravity BHs do not satisfy the field
equations of the full (EGBd) model.
3 The specific angular momentum a of Kerr BHs is bounded by |a| ≤M with a = J/M .
2
2 The general framework
2.1 The action
The Einstein–Gauss-Bonnet–dilaton (EGBd) system is described by the following action4
S =
1
16π
∫
d4x
√−g
[
R− 1
2
(∂µφ)
2 + αe−γφR2GB
]
, (2.1)
where φ is a (real) scalar field, and γ and α are input parameters of the theory. Also,
R2GB = RµνρσR
µνρσ − 4RµνRµν +R2 (2.2)
is the GB term5. For the chosen conventions, the (positive) GB coupling parameter6 α is dimensionful and,
specifically, it has dimensions of (length)2. Moreover, although all solutions reported in this work have
γ = 1, we shall keep its value arbitrary in all general relations.
Varying the action (2.1) with respect to gµν , we obtain the equations for the metric tensor
Eµν = Gµν − 1
2
T (φ)µν + αe
−γφ
[
Hµν + 4(γ
2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ
]
= 0, (2.3)
where
Gµν = Rµν − 1
2
gµνR, T
(φ)
µν = ∇µφ∇νφ−
1
2
gµν(∇φ)2, and
Hµν = 2
(
RRµν − 2RµρRρν − 2RρσRµρνσ +R ρσλµ Rνρσλ
)− 1
2
gµνR
2
GB, (2.4)
Pµνρσ = Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ +Rgµ[ρgσ]ν .
In the above relations, Pµνρσ is the divergence free part of the Riemann tensor, i.e. ∇µPµνρσ = 0. One notes
that formally, the eqs. (2.3) can be written in an Einstein-like form as
Gµν =
1
2
T (eff)µν , (2.5)
with an effective energy-momentum tensor acquiring a contribution due to the GBd term
T (eff)µν = T
(φ)
µν − 2αe−γφT (GBd)µν , (2.6)
where
T (GBd)µν = Hµν + 4(γ
2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ . (2.7)
Variation of Eq. (2.1) with respect to the scalar field leads to a generalized Klein-Gordon equation,
∇2φ− αγe−γφR2GB = 0. (2.8)
4In this work we shall use geometric units c = G = 1.
5This term alone does not yield modifications of Einstein’s equations, its integral leading to a boundary term in the action.
This is no longer the case, however, once R2GB couples with dynamical matter fields.
6 In this work we shall treat α as an arbitrary input constant. However, note that observations of BH low-mass X-ray
binaries give a constraint
√
α . 5× 106 cm [18], which is comparable to the typical size of a stellar-mass BH, see the discussion
in [3].
3
2.2 The Ansatz and equations of motion
We are interested in stationary, axially symmetric spacetimes possessing two commuting Killing vector fields,
ξ and η, with
ξ = ∂t, and η = ∂ϕ, (2.9)
in a system of adapted coordinates. Such spacetimes are usually described by a Lewis-Papapetrou–type
Ansatz [19], which satisfies the circularity condition and contains four unknown functions. In this work we
shall use a version of this Ansatz as originally introduced in [20], with a line element parametrization
ds2 = −fdt2 + m
f
(
dr2 + r2dθ2
)
+
l
f
r2 sin2 θ(dϕ − ω
r
dt)2, (2.10)
with r, θ, ϕ “quasi-isotropic” spherical coordinates and t the time coordinate. Also, f , m, l and ω are
functions of r and θ. The scalar field is also a function of the coordinates r and θ only,
φ = φ(r, θ). (2.11)
2.3 Boundary conditions and asymptotic behaviour
Large r asymptotics. The solutions in this work approach a Minkowski spacetime background as
r →∞. This implies the following boundary conditions7
f |r=∞ = m|r=∞ = l|r=∞ = 1 , ω|r=∞ = φ|r=∞ = 0 . (2.12)
Since the scalar field is massless, one can construct an approximate solution of the field equations (2.3), (2.8)
compatible with these asymptotics as a power series in 1/r. The leading order terms on such an expansion
are:
f = 1− 2M
r
+
2M2
r2
+
(
1
3
M(C1 − 4M2)− 2M2P2(cos θ)
)
1
r3
+O
(
1
r4
)
,
m = 1+
C1
r2
− M
2 + 2C1 +D
2/4
r2
sin2 θ +O
(
1
r3
)
, (2.13)
l = 1 +
C1
r2
+O
(
1
r3
)
, ω = −2aM
r2
+
6aM2
r3
+O
(
1
r4
)
, φ = −D
r
+O
(
1
r3
)
,
where M , C1, a, M1 and D are free parameters, while P2(cos θ) is a Legendre polynomial of 2nd degree.
Expansion on the event horizon. The event horizon of these stationary black hole solutions resides
at a surface of constant radial coordinate, r = rH > 0, and is characterized by the condition f(rH) = 0 [20].
At a regular horizon the metric functions must satisfy
f |r=rH = m|r=rH = l|r=rH = 0 , ω|r=rH = ωH, (2.14)
where ωH is a constant, while the condition imposed on the scalar field is
∂rφ|r=rH = 0. (2.15)
Again, it is possible to construct an approximate (power series) solution, this time in terms of
δ =
r
rH
− 1. (2.16)
7Setting φ|r=∞ = 0 removes the scaling symmetry of the equations φ→ φ+ c, r → re−γc/2.
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For non-extremal solutions (the case considered explicitly in this work), the first terms in the near horizon
expansion read
f(r, θ) = δ2f2(θ)(1 − δ) +O(δ4), m(r, θ) = δ2m2(θ)(1 − 3δ) +O(δ4), (2.17)
l(r, θ) = δ2l2(θ)(1 − 3δ) +O(δ4), ω(r, θ) = ωH(1 + δ) +O(δ2), φ(r, θ) = φ0(θ) +O(δ2),
with f2, m2, l2 and φ0 unspecified functions
8 and ωH a constant.
Behaviour on the symmetry axis
The conditions of axial symmetry and regularity impose the following boundary conditions on the sym-
metry axis, i.e. at θ = 0, π:
∂θf |θ=0,pi = ∂θm|θ=0,pi = ∂θl|θ=0,pi = ∂θω|θ=0,pi = 0 , (2.18)
for the metric function, while for the scalar field one imposes
∂θφ|θ=0,pi = 0. (2.19)
Again, it is possible to construct an approximate form of the solutions near the symmetry axis as a power
series in θ (and π − θ, respectively). For example, the first terms in such an expansion as θ → 0 reads9
f(r, θ) = f¯0(r) + θ
2f¯2(r) +O(θ
4), m(r, θ) = m¯0(r) + θ
2m¯2(r) +O(θ
4), l(r, θ) = l¯0(r) + θ
2 l¯2(r) +O(θ
4),
ω(r, θ) = ω¯0(r) + θ
2ω¯2(r) +O(θ
4), φ(r, θ) = φ¯0(r) + θ
2φ¯2(r) +O(θ
4). (2.20)
Also, all solutions discussed in this work are symmetric w.r.t. a reflection on the equatorial plane, θ = π/2.
Therefore, in the numerical calculations, it is sufficient to consider the range 0 ≤ θ ≤ π/2 for the angular
variable θ. Then the metric functions and the scalar field are required to satisfy Neuman boundary conditions
in the equatorial plane,
∂θf |θ=pi/2 = ∂θm|θ=pi/2 = ∂θl|θ=pi/2 = ∂θω|θ=pi/2 = ∂θφ|θ=pi/2 = 0. (2.21)
2.4 General relations and quantities of interest
Starting with the horizon properties, we note that the solutions possess an event horizon of spherical topology,
the metric of a spatial cross-section of the horizon being
dΣ2 = hijdx
idxj = r2H
(
m2(θ)
f2(θ)
dθ2 +
l2(θ)
f2(θ)
sin2 θdϕ2
)
. (2.22)
The Killing vector field
χ = ∂t − ωH
rH
∂ϕ (2.23)
is orthogonal to and null on the horizon [19]. The parameter ωH which enters the event horizon boundary
conditions (2.14) fixes the event horizon angular velocity ΩH of the BHs,
ΩH = − ξ
2
ξ · η = −
gϕt
gtt
∣∣∣∣
rH
=
ωH
rH
. (2.24)
As usual, we introduce the Hawking temperature TH = κ/(2π), where κ is the surface gravity defined as
κ2 = − 12 (∇aχb)(∇aχb)|rH , which yields
TH =
1
2πrH
f2(θ)√
m2(θ)
(2.25)
8Note that, similar to the pure Einstein gravity case, the equation Eθr = 0 implies that the ratio f
2
2 /m2 is constant, a
supplementary condition which is used as another test of the numerical accuracy. This also implies the constancy of the
Hawking temperature, as given by (2.25).
9 The absence of conical singularities implies as well m|θ=0,pi = l|θ=0,pi.
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(we recall m2(θ),m2(θ) and l2(θ) are functions which enter the near horizon expansion (2.17)).
The event horizon area of the BHs is given by
AH = 2πr
2
H
∫ pi
0
dθ
√
l2(θ)m2(θ)
f2(θ)
. (2.26)
The Einstein gravity BHs possess an entropy which is a quarter of the event horizon area. However, the
entropy of the EGBd BHs acquires an extra contribution which is induced by the GB term in the action.
Then the total entropy can be written in Wald’s form [21] as an integral over the event horizon
S =
1
4
∫
ΣH
d2x
√
h(1 + 2αe−γφR˜), (2.27)
where h is the determinant of the induced metric on the horizon (as given by (2.22)), and R˜ is the event
horizon curvature. Its explicit form for the Ansatz in this work reads
S = SE + SGBd, with SE =
1
2
πr2H
∫ pi
0
dθ
√
l2m2
f2
, and (2.28)
SGBd =
1
2
πα
∫ pi
0
dθ
e−γφ0
l
3/2
2 m
5/2
2
(
2m22l
′2
2 sin θ −m2l2(−3 sin θl′2m′2 + 4m2(2 cos θl′2 + sin θl′′2 ))
+ l22(8m
2
2 sin θ − 3 sin θm′22 + 2m2(3 cos θm′2 + sin θm′′2 ))
)
,
with a prime denoting a derivative with respect to θ.
Similar to GR solutions, the total mass M and the angular momentum J are read from the asymptotic
behaviour of the metric functions:
gtt = −f + lw
2
f
sin2 θ = −1 + 2M
r
+ . . . , gϕt = − lwr
f
sin2 θ = −2J
r
sin2 θ + . . . .
Moreover, the solutions possess a dilaton charge D, which is read from the first term in the far field asymp-
totics of the scalar field as given in (2.13).
Remarkably, as usual in (asymptotically flat, pure Einstein) BH mechanics, the temperature, entropy
and the global charges are related through a Smarr mass formula, which reads
M = 2THS + 2ΩHJ − D
2γ
. (2.29)
This Smarr relation is obtained by starting from the usual Komar-like expressions, and making use of the
equations of motion, and the approximate form of the solution at the horizon, on the symmetry axis and at
infinity10. The EGBd BHs satisfy also the first law
dM = THdS +ΩHdJ. (2.30)
2.5 The numerical approach
The functions Fi = (f,m, l, ω;φ) (i = 1, . . . , 4) are solutions of a complicated set of partial differential
equations which are found by plugging the Ansatz (2.10), (2.11) into the field eqs. (2.3), (2.8). Starting with
the generalized Klein-Gordon eq. (2.8), we note that this reduces to a complicated relation involving first
and second derivatives of all functions Fi. (This equation is too complicated to display here.) Secondly,
10For example, one uses the observation that both Etϕ
√−g and
(
Rtt + αe
−γφ(T
t(GBd)
t +
1
2
R2GB)
)√−g are total derivatives
(i.e. they have expressions of the form ∂rUr + ∂θUθ with Ur , Uθ complicated functions of Fi and their derivatives). Moreover,
e−γφT
µ(GBd)
µ
√−g can also be written as a total derivative.
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concerning the generalized Einstein equations (2.3) for the metric potentials, the only non-trivial components
are Ett , E
r
r , E
θ
θ , E
ϕ
ϕ , E
t
ϕ and E
θ
r . Following the scheme originally proposed in [20] (for solutions of Einstein
gravity coupled with non-Abelian fields), these six equations are divided into two groups. First, four of
them are solved together with the scalar field equation (2.8). This yields a coupled system of five partial
differential equations on the five unknown functions Fi which is solved in practice. The four equations for
the metric functions are a suitable linear combination of Ett , E
ϕ
ϕ , E
t
ϕ and E
r
r + E
θ
θ which diagonalizes
11 the
corresponding Einstein tensor parts with respect to Oˆf , Oˆl, Oˆm and Oˆω, respectively (with the operator
Oˆ = ∂rr +
1
r2 ∂θθ). The remaining two equations E
r
r − Eθθ and Eθr are treated as constraints and used to
check the accuracy of the numerical method. Again, the explicit form of the generalized Einstein equations
is too complicated to display here, each equation containing around 340 independent terms.
Restricting the domain of integration to the region outside the horizon, in the next step one introduces
a new radial variable x = 1 − rH/r which maps the semi-infinite region [rH,∞) to the closed region [0, 1].
This leads to the following substitutions in the differential equations rF,r −→ 1rH (1− x)F,x and r2F,rr −→
1
r2
H
(
(1− x)2F,xx − 2(1− x)F,x
)
for each function Fi.
The equations for Fi are then discretized on a non-equidistant grid in x and θ. Typical grids used have
sizes 91 × 51, covering the integration region 0 ≤ x ≤ 1 and 0 ≤ θ ≤ π/2. All numerical calculations
are performed by using the professional package FIDISOL/CADSOL [22], which uses a Newton-Raphson
method. This code provides also an error estimate for each unknown function. For the solutions in this
work, the typical numerical error for the functions is estimated to be lower than 10−3. The Smarr relation
(2.29) and the 1st law (2.30) provide further tests of the numerical accuracy, leading to error estimates of
the same order.
In this approach, one provides three input parameters: α, rH and ΩH =
ωH
rH
. The functions Fi are
subject to the boundary conditions introduced in Section 2. The quantities of interest are then computed
from the numerical output. (For example, the mass M , and the angular momentum J are extracted from
the asymptotic expressions (2.29), while the Hawking temperature, the entropy and the horizon area are
obtained from the event horizon data, etc.)
2.6 Known limits of the model
Before discussing the properties of the EGBd spinning BHs, it is useful to briefly review the properties of
the solutions in two important limits of the general model.
2.6.1 Kerr metric: the α = 0 solutions
The first case is found for α = 0, i.e., an Einstein-(massless) scalar field theory. Then, as implied by classical
no-hair theorems (see e.g. the recent review [23]), the scalar field vanishes, φ = 0, and the only physically
relevant spinning solution is the Kerr BH. This metric is given usually in Boyer-Lindquist coordinates;
however, it can also be written by employing the metric Ansatz (2.10) (i.e. a quasi-isotropic coordinate
system), with
f =
(
1− r
2
H
r2
)2
F1
F2
, l =
(
1− r
2
H
r2
)2
, m =
(
1− r
2
H
r2
)2
F 21
F2
, ω =
2M
√
M2 − 4r2H
r2
(1 + Mr +
r2H
r2 )
F2
, (2.31)
where
F1 =
2M2
r2
+
(
1− r
2
H
r2
)2
+
2M
r
(
1 +
r2H
r2
)
− M
2 − 4r2H
r2
sin2 θ,
F2 =
(
2M2
r2
+
(
1− r
2
H
r2
)2
+
2M
r
(
1 +
r2H
r2
))2
−
(
1− r
2
H
r2
)2
M2 − 4r2H
r2
sin2 θ.
11Note that, however, due to the contribution of the Gauss-Bonnet term, the final equations are not diagonal with respect to
second derivatives of Fi.
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The above metric functions contain two parameters, M – the BH mass, and rH – the event horizon radius,
with M ≥ 2rH. To make contact with the numerical approach discussed above, one has to express M as a
function of the horizon velocity (which enters the boundary conditions at r = rH). This is done by inverting
the relation
ΩH =
√
M2 − 4r2H
2M(M + 2rH)
. (2.32)
Then, one finds that given a fixed value of ΩH, the Kerr BH (written in quasi-isotropic coordinates)
exhibits two branches of solutions. The first one starts with the Minkowski spacetime, and extends up to a
maximal value of rH, where a second branch emerges and tends backwards towards rH = 0. The maximal
value of rH depends on ΩH, with r
(max)
H =
1
2ΩH
√
2
1+
√
5
3+
√
5
. As rH → 0 on this second branch, an extremal BH
is approached, which saturates the Kerr bound, J =M2.
The entropy, angular momentum and the Hawking temperature of the Kerr solution are given by
S = 2πM(M + 2rH), J =M
√
M2 − 4r2H, TH =
1
4πM
1
1 + M2rH
, (2.33)
respectively.
2.6.2 Spherically symmetric black holes in EGBd theory
Another important limit is found by taking the static limit of the general model with α 6= 0. The solutions
in this case are spherically symmetric, and have been discussed in Refs. [6]-[11]. All these papers employ
in their study Schwarzschild-like coordinates. However, the solutions can also be studied by employing the
metric Ansatz (2.10), with f(r, θ) = f(r), l(r, θ) = m(r, θ) = m(r), ω(r, θ) = 0 and φ(r, θ) = φ(r). Thus the
corresponding Ansatz in isotropic coordinates reads
ds2 =
m(r)
f(r)
(
dr2 + r2(dθ2 + sin2 θdϕ2)
)− f(r)dt2 and φ = φ(r). (2.34)
The metric functions f(r), g(r) and the scalar field φ(r) can be found by solving a system of ordinary
differential equations.
The solutions possess a relatively simple near horizon expansion with (we recall δ = r/rH − 1)
f(r) = f2δ
2(1 − δ) + . . . , m(r) = m2δ2(1− 3δ) + . . . , φ(r) = φ0 + φ2δ2 + . . . , (2.35)
with f2, m2 and φ0 parameters fixed by the numerical calculations, and
φ2 =
e3γφ0m32r
4
H
768α3f32γ
3
(
1−
√
1− 96e
−2γφ0α2f2γ2
m22r
4
H
)2
, (2.36)
while the corresponding expressions for r →∞ can be read from (2.13).
An interesting feature of these BHs is the existence, for a given α, of a minimal horizon size of the
solutions [8]. This follows from the ‘reality’ condition as imposed by the expression (2.36) for φ2,
1− 96e
−2γφ0α2f22 γ
2
m22r
4
H
> 0, (2.37)
which can also be written as
AH > 16π
√
6αγe−γφ0 . (2.38)
At r
(cr)
H the solution becomes singular [9]-[11].
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A close inspection of the solutions and their properties reveals that very near to the critical minimal
value of the horizon radius r
(cr)
H a minuscule second branch of BH solutions can arise [9]-[11]. Along this
branch the mass then increases with decreasing horizon radius. For γ = 1 it covers the range
2.4053 ≤ M√
α
. 2.4055 . (2.39)
The existence of this minuscule second branch depends on the value of γ [11], e.g., for γ = 1/2 is it no longer
present.
Consequently, as discussed in [8]-[12], a lower bound is imposed on the BH mass, which for γ = 1 reads12
0 ≤ α
M2
. 0.1728 . (2.40)
Then for a given mass, the static EGBd BHs with γ = 1 exist for a limited range of the entropy, of the area
and of the temperature, with
4π ≤ S
M2
. 15.082, 16π ≤ AH
M2
. 42.842 and
1
8π
≤ THM . 0.043. (2.41)
Finally let us mention that the scalar charge D is not an independent quantity, but depends on the BH
mass. Thus the scalar hair is of secondary type.
3 The properties of EGBd spinning black holes
3.1 Constructing the solutions and limits
We start by recalling that all solutions in this work have a fixed value γ = 1 of the dilaton coupling constant.
As expected, all spherically symmetric EGBd BHs discussed above possess rotating generalizations. In
principle, they can be constructed in closed form by considering a (double) perturbative approach in terms
of the dimensionless parameters α/M2 and J/M2, see e.g. [13].
The nonperturbative solutions are found by directly solving the EGBd equations for the functions Fi
without any approximation. For all solutions we have found, the metric functions Fi (and their first and
second derivatives with respect to r and θ) have smooth profiles, which leads to finite curvature invariants
on the full domain of integration, in particular on the event horizon. The shape of the functions f, l,m and
ω is rather similar to the GR case.
To illustrate these features, we display in Figures 1 and 2 the profile functions of a typical solution
together with the Ricci and the Gauss-Bonnet scalars. There, the left column shows 3D plots, whereas the
right column displays 2D plots of the corresponding functions in terms of the radial variable for three different
values of the angular coordinate; the axes for the 3D plots are ρ = r sin θ and z = r cos θ (with r ≥ rH). For
example, from Figure 2 (top panel) one can see that the scalar field possesses a rather complicated shape,
with a nontrivial dependence on the angular coordinate θ. Also, as seen in Figure 2, both R and R2GB stay
finite everywhere, in particular at the horizon.
In our approach, the solutions are computed for fixed sets of ΩH and α, while the (quasi-isotropic) horizon
radius rH and consequently the event horizon area AH is varied
13. As in the Kerr case, discussed above,
we typically find two branches of solutions14 in terms of the quasi-isotropic horizon radius rH. These two
branches then merge and end at a maximal value of rH which depends on ΩH and α. However, whereas
in the Kerr case, the first branch starts with the Minkowski spacetime, in the EGBd case the horizon area
12Note, that for γ = 1 the minuscule second branch exists only for 0.17284 ≤ α
M2
. 0.17285 and can thus be neglected unless
high accuracy is demanded.
13In principle, it is sufficient to consider a single value of ΩH and scan the full range of α. In practice, however, some regions
of the parameter space are explored more easily by varying both ΩH and α.
14However, for sufficiently large values of ΩH
√
α (e.g., ΩH
√
α = 0.11) one finds a single branch of solutions, with 0 < rH <
r
(cr)
H .
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Figure 1: The metric functions f, l,m and ω are shown as for a typical EGBd spinning black hole with the
input parameters rH = 0.35, ΩH = 0.15 and α = 0.5. This solution has M = 2.472, J = 5.886, D = 0.231,
TH = .00737, AH = 193.401 and S = 55.751.
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Figure 2: The scalar field φ is shown together with the scalar curvature R and the Gauss-Bonnet term (2.2)
for the same solution as in Figure 1.
cannot shrink to zero. Indeed, similar to the static case, the rotating BH solutions on the first branch cease
to exist for rH smaller than some critical value r
(cr)
H (α,ΩH). We note, that as rH → r(cr)H , the numerical
integration becomes delicate. The ‘technical’ reason which causes the solutions to cease to exist beyond r
(cr)
H
corresponds to a more complicated version of the one found in the static case. It is discussed in Appendix
A, and again based on the analysis of the field equations at the event horizon.
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Figure 3: The value of the scalar field at the poles of the horizon is shown as a function of the scaled
temperature for two values of the scaled angular velocity ΩH
√
α.
3.2 The domain of existence
Returning to the discussion of the sets of solutions for ΩH and α, let us now address the limiting behavior on
the second branch. As discussed above, the family of Kerr BHs with fixed ΩH ends in an extremal configura-
tion with a novanishing horizon area, which is approached as rH → 0. We have found that this applies also
for the families of EGBd BHs with fixed ΩH and α. The extrapolated numerical data
15 always indicates the
existence of a rH → 0 limiting configuration with vanishing Hawking temperature and nonvanishing global
charges, horizon area and entropy. However, unlike the extremal Kerr solution, the extremal EGBd solutions
appear to not be regular. That is, the data found for all limiting solutions found so far show that the dilaton
field at the horizon seems to diverge at the poles as rH → 0, making the extremal solutions singular. Note,
however, that the (quasi-isotropic) metric functions tend to well defined limiting functions.
This behaviour is illustrated in Figure 3, where we show how the value of the scalar field at the north pole
on the horizon (θ = 0) changes with the scaled temperature for two values of the dimensionless parameter
ΩH
√
α. The curves there start at the corresponding critical solutions and end at near-extremal ones (beyond
which sufficient numerical accuracy is lost). A further argument for the non-existence of regular extremal
solutions is given in Appendix B, and based on an attempt to construct the near-horizon configurations.
Let us now address the domain of existence of the EGBd spinning BHs. As expected, the general pattern
is rather complicated, and depends on the value of the parameter α, which sets another length scale of the
problem, apart from the mass of the solutions M .
In Figure 4 (left panels) the dimensionless horizon area AH/M
2, the dimensionless entropy S/M2, the
dimensionless temperature THM and the dimensionless dilaton charge D/M of all solutions are shown as
functions of the dimensionless coupling constant α/M2. A complementary picture is found when exhibiting
the same data as functions of the dimensionless reduced angular momentum J/M2, as shown in Figure 4
(right panels). Note, that in the Figure all physical quantities are expressed in units set by the mass of the
solutions. The link between these two sets is provided by the Figure 5, where we show the dimensionless
reduced angular momentum J/M2 as a function of the dimensionless coupling constant α/M2. In these
plots we include also the lines corresponding to three constant values of the dimensionless parameter ΩH
√
α,
which provides a measure of how fast the solutions spin.
Also, let us mention that in these plots, the shaded region was obtained by extrapolating to the continuum
the results from a set of around one thousand numerical solutions.
15Note, that only near extremal solutions can be constructed within the framework proposed in this work.
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Figure 4: The domain of existence of the horizon area, entropy, temperature and dilaton charge is shown
vs. α (left panels) and vs. J (right panels). Here and in Figure 5, all quantities are normalized w.r.t. the
mass of the solutions.
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Figure 5: Domain of existence of EGBd spinning BHs in an angular momentum vs. α diagram.
In all plots, the region where EGBd spinning BHs exist is delimited by
i) the set of static EGBd BHs (red solid line);
ii) the set of extremal (i.e., zero temperature) EGBd BHs (green dashed line), which is found by extrapo-
lating the data for near-extremal configurations;
iii) the set of critical solutions (blue dotted line);
iv) and the set of GR solutions – the Kerr BHs (black solid line).
These Figures exhibit a number of interesting features of the spinning EGBd solutions:
a) For a given value of α, the lower bound (2.37) on the BH mass still holds, irrespective of the value of
the angular momentum. Moreover, the solutions saturating this bound have J = 0.
b) For a given mass and angular momentum, an EGBd BH has a higher entropy and temperature than
a Kerr BH; however, an EGBd BH has a lower horizon area than a Kerr BH, except close to the Kerr
bound.
c) The critical static solution has the largest scaled entropy possible for an EGBd BH, while the critical
extremal solution has the smallest scaled area. The dilaton charge is also maximal for the critical static
solution.
d) Perhaps the most interesting feature one can notice in Figures 4 and 5 is that the EGBd spinning
BHs can violate the Kerr bound J/M2 ≤ 1, for a particular set of solutions close to extremality. This
violation is rather small16 (with a maximal value of J/M2 ≃ 1.03). However, this violation clearly
exists, being manifestly above the numerical accuracy of the calculations.
e) Somehow unexpected, the maximal value of J/M2 is found for a value of α/M2 ≃ 0.079 which is
almost in the middle of the allowed interval. At this special point of the domain of existence, where
the scaled angular momentum reaches its maximal value, the branches of critical EGBd BHs and
singular extremal solutions merge. At the same time, the scaled horizon angular velocity reaches there
its maximal value, ΩHα
1/2 ≈ 0.135− 0.14.
16Much larger violations of the Kerr bound have been found recently in a model containing a massive complex scalar field
minimally coupled to Einstein gravity [27, 28, 29] (see also the more general discussion in [30]). There, the violation can be
related to the existence of a solitonic limit of the BHs, which is not the case for the EGBd model. We conjecture that the
violation of the Kerr bound for the solutions in this work can be attributed to the existence of regions with a negative effective
energy density, as obtained from (2.6). (A discussion of this feature is given in [8] for the spherically symmetric limit.)
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3.3 Further properties
3.3.1 Horizon and ergoregion
As mentioned above, similar to the Kerr solution in GR, these EGBd BHs have an event horizon of spherical
topology17. Geometrically, however, the horizon is a squashed sphere. This can be seen by evaluating the
circumference of the horizon along the equator, Le, and the circumference of the horizon along the poles, Lp
Le = 2πrH
√
l2(θ)
f2(θ)
∣∣∣∣
θ=pi/2
, Lp = 2rH
∫ pi
0
dθ
√
m2(θ)
f2(θ)
. (3.1)
In Figure 6 we show the ratio of the equatorial circumference to the polar circumference for several values
of the dimensionless quantity ΩH
√
α. As expected, the squashing of the horizon produced by the rotation is
17This can be seen, e.g., from the expression (2.22). Note that the functions m2(θ), l2(θ) and f2(θ) are strictly positive.
However, one should remark that it is not apriori clear that the all BHs in EGBd theory would necessarily possess a horizon
with S2 topology, since a number of classical GR theorems do not apply to this model.
15
Figure 8: The scalar field (left panel) and its component T
t(φ)
t of the energy momentum tensor (multiplied
with a factor of 103; right panel) on the horizon, are shown for the typical EGBd spinning solution of Figures
1 and 2.
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Figure 9: A cross section of the ergosurface in the x − z plane (left panel) and the metric function gtt in
the equatorial plane (right panel) for the EGBd spinning solution in Figures 1 and 2. In the right panel,
the inset shows the near horizon behaviour of gtt(r, π/2) for this solution and for a Kerr black hole with the
same values of the mass and angular momentum.
such that Le/Lp is always larger than one.
Further insight into the issue of horizon shape is obtained by considering the isometric embeddings of
the horizon in a Euclidean space [25]. In Figure 7 this is done for the solution shown in Figures 1 and 2
together with a Kerr BH with the same values of the mass and angular momentum. Note that for both GR
and EGBd solutions, the embedding of the horizon cannot be performed completely in Euclidean space with
the metric ds2 = dx2+dy2+dz2, and a region (represented by solid lines in that Figure) must be embedded
in a pseudo-Euclidean space with the metric ds2 = dx2 + dy2 − dz2.
On the horizon the scalar field φ(rH, θ) and the component T
t(φ)
t of the scalar field energy-momentum
tensor vary with the angular coordinate, as it is manifest in Figure 8. For example, one can see that T
t(φ)
t
vanishes both at the poles and in the equatorial plane. Also, the scalar field by itself does not contribute to
the angular momentum of these BHs, since T
t(φ)
ϕ = 0 everywhere18.
18 It is interesting to note that this behavior strongly contrasts with the results found for the spinning BHs with scalar hair
in [27, 28, 29]. There, the scalar field is complex and carries a Noether charge, whose density is proportional to the angular
momentum density. Also, for those solutions T
t(φ)
t does not vanish in the equatorial plane.
16
We have found that all BHs have an ergoregion, defined as the domain in which ξµξ
µ is positive (where
we recall ξ = ∂/∂t). This region is bounded by the event horizon and by the surface(s) where
− f + sin2 θ l
f
ω2 = 0 . (3.2)
For the Kerr spacetime, this surface has a spherical topology and touches the horizon at the poles. As
discussed in [31, 29], the ergoregion can be more complicated for BHs with scalar hair, with the possible
existence of an additional S1 × S1 ergo-surface (ergo-torus). However, we have found that this is not the
case for EGBd BHs, where all solutions are Kerr-like and possess a single topologically S2 ergosurface19. In
Figure 9 (left) we show a cross section of the ergosurface for the (typical) solution exhibited in Figures 1 and
2. The metric function gtt in the equatorial plane is also shown there (right panel). The event horizon is
displayed as the black dotted curve and the ergosurface as the solid red line, while the ergoregion is shaded
in blue. Also, x and z are defined as standard Cartesian coordinates in terms of r and θ, which enter (2.10).
Let us mention also that since the functions f , l and m are always strictly positive outside the horizon,
the Lorentzian signature of the metric is preserved there. Moreover, f > 0 implies the existence of a Cauchy
surface and thus the absence of closed timelike curves outside the horizon.
3.3.2 Quadrupole moment and moment of inertia
On general grounds, one expects the EGBd spinning BHs to have a number of new phenomenological
properties, leading to deviations from the standard Kerr picture in GR. Let us start by addressing the
issue of the quadrupole moment, Q, which is of particular interest since, in principle, it can be measured.
Moreover, it can be used to test the no-hair property [33]. As discussed in [17]20, the quadrupole moment of
EGBd BHs is encoded in the free constants which enter the large-r expansion of the solutions (2.13), with21
−Q = −M2 + 4
3
(
1
4
+
C1
2M2
+
D2
16M2
)
M3. (3.3)
Since the dilaton field enters the expansion for the quadrupole moment via a Coulomb-like term in (2.13),
D/r, and since there is no explicit contribution from the GB term, which decays sufficiently fast, the resulting
expression for the quadrupole moment coincides with the analogous term in Einstein-Maxwell theory (after
replacing the electro-magnetic charge Qe by D).
In contrast to the EGBd case, the quadrupole moment of the Kerr solution is completely fixed by its
global charges, with Q = −J2/M . In Figure 10 the magnitude of the scaled quadrupole moment QM/J2
is exhibited versus the scaled angular momentum J/M2. Here the Kerr solution is represented by the line
|QM/J2| = 1. The Figure shows that the quadrupole moment of EGBd spinning BHs can take considerably
different values from the Kerr case. Interestingly, for slow rotation, one finds deviations from the Kerr value
of 20% and more. Moreover, the solutions with J > M2, always have a value of the scaled quadrupole
moment greater than one.
The scaled moment of inertia J/(ΩHM
3) is exhibited in Figure 11 versus the scaled quadrupole moment.
The Kerr values are given by J/(ΩHM
3) = 2(1 +
√
1− j2) with j = J/M2, and form the vertical line at
|QM/J2| = 1, ranging from the value J/(ΩHM3) = 2 in the extremal rotating case to the value J/(ΩHM3) =
4, when the static limit J → 0 is taken.
For the EGBd BHs we have obtained families of solutions with fixed values of the reduced angular
momentum j = J/M2. For j ≤ 1 these families of solutions start at their respective Kerr values on the
vertical line |QM/J2| = 1, from where they extend, until the respective critical solution is reached. Thus
the Kerr values and the critical values again form two of the boundaries of the domain of existence. We
have not yet mapped out the full domain of existence, since the limit j → 0 is difficult to obtain from a
19This is not a real surprise, since the presence of an ergo-torus for the solutions in [27, 29], can be traced back to the existence
of a (spinning) solitonic limit with an ergo-torus [32], which is not the case for the EGBd theory.
20The quadrupole moment is extracted following Geroch and Hansen [34, 35] (see also [36, 37])
21In the Kerr case the coefficients are M2 = −2M(M2 − 4r2H)/3 and C1 = −2r2H.
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numerical point of view, because ratios of small numbers are involved. Here perturbation theory should be
helpful, at least in part of the domain. Comparing our results with the perturbative results derived in [15]
yields good agreement for small α and small j [17].
3.3.3 Petrov type and ISCOs
One interesting property of the Kerr metric is that the geodesic equations are separable due to the existence
of the Carter constant [38]. This is related to the fact that the Kerr spacetime is Petrov type D. We have
investigated the issue of Petrov type for a number of EGBd solutions in different regions of the parameter
space and found that all of them are Petrov type I. Thus we expect this to be a generic property of all
configurations22. Therefore, the existence of a Carter-like constant is highly unlikely in this case.
Clearly, the geodesics of these EGBd BHs are also expected to deviate considerably from those of the
Kerr BHs. The geodesics of static and slowly rotating BHs were considered in [12]. There the dependence of
22This agrees with the perturbative results in [15].
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the innermost-stable-circular-orbits (ISCOs) on the angular momentum was studied, showing that the ISCO
is larger for slowly rotating EGBd BHs than for Kerr BHs, and that the orbital frequency is smaller [12].
While a systematic discussion of the geodesics of the general family of rotating EGBd BHs will be
presented elsewhere, we here focus on the special case of ISCOs for the rapidly spinning BHs [16]. The
geodesics for circular motion are obtained from the Lagrangian
2L = e−2βφgµν x˙µx˙ν = −ǫ, (3.4)
where ǫ = 0 and 1 massless and massive particles, respectively. The constant β fixes the coupling between
the matter and the dilaton field. (In heterotic string theory β = 0.5.) Also, a superposed dot denotes the
derivative with respect to the affine parameter along the geodesics. As usual, the existence of the Killing
vectors ξ and η implies the existence of two conserved quantities, the energy E and the angular momentum
L of the particle, respectively. Restricting to (timelike) motion in the equatorial plane (θ = π/2), one finds
19
from (3.4) the equation
r˙2 = e2βφ
f
m
(
e2βφ
(
E − Lωr
)2
f
− e2βφL
2f
r2l
− 1
)
≡ V (r). (3.5)
Also, the orbital angular velocity is expressed as
Ωc =
ϕ˙
t˙
=
ω
r
+
1
r2
Lf2
l(E − Lωr )
. (3.6)
For circular orbits V (r) = V ′(r) = 0. This results in two algebraic relations for E and L which are solved
analytically. Similar to the Kerr case, this gives two distinct pairs of solutions corresponding to co-rotating
and counter-rotating trajectories. Stability of the orbits further requires that the second derivative of the
effective potential is negative, V ′′(r) < 0. This selects a particular value of the radial coordinate r = rISCO,
which separates the stable circular orbits, r > rISCO, from the unstable ones.
The results for EGBd ISCOs for rapidly rotating BHs are exhibited in Figure 12 for β = 0.5 together
with the corresponding Kerr ISCOs. Note, that we exhibit the circumferential radius RISCO = r
√
m/f
∣∣∣
rISCO
here (and not the Boyer-Lindquist coordinate radius). As seen in the Figure, the ISCOs of the EBGd BHs
remain larger than the Kerr ISCOs (as long as the corresponding Kerr BHs exist), also for rapidly rotating
BHs [16]. Finally, we exhibit in Figure 13 the inverse of the orbital frequencies Ωc for the EGBd ISCOs for
β = 0.5 and for β = 0 and compare again with the Kerr case. For β = 0.5 the frequencies are smaller than
the Kerr frequencies. Here rather large deviations can occur, amounting up to 60% close to J/M2 = 1[16].
For β = 0 on the other hand the deviations are smaller and exceed the Kerr values.
4 Conclusions
The main purpose of this work was to provide a more detailed description of the construction and of the
(basic) physical properties of the spinning EGBd BHs reported in [16]. These configurations can be viewed
as the counterparts of Kerr solutions in the presence of a dilatonic GB term in the gravity action. Our results
here, together with those in [16, 17] show that such BHs share the basic properties of the GR BHs. However,
new features occur as well. The most interesting results of this work are perhaps the ones exhibited in the
Figures 4 and 5, which exhibit the domain of existence of the EGBd solutions, both in terms of the GB
coupling constant and in terms of the angular momentum. In particular, we find that similar to the static
case, the spinning EGBd BHs possess a minimal value of the mass. Moreover, their angular momentum can
slightly exceed the Kerr bound.
This work can be continued in many possible directions. Perhaps the most important one is to clarify
the issue of stability. For spherically symmetric solutions, (mode) stability was established in [39] for radial
perturbations and in [12] for axial perturbations. However, due to the complicated form of the field equations,
extending this study to the spinning case will be a highly nontrivial task. In this context, let us remark that,
as discussed above, these spinning BHs have an ergoregion. Thus, similar to the Kerr case, they should be
afflicted by superradiant instabilities in the presence of (massive) bosonic fields.
Another interesting direction would be to further explore astrophysical signatures of these EGBd BHs.
An obvious task here will be to study the geodesics in a systematic way and to compute the shadows of
EGBd BHs, contrasting the results with those for the Kerr solution23.
On the more theoretical side, it would be interesting to extend the solutions in this work to other values
of the coupling constant γ, which enters the exponent in (2.1), and to look for generic properties. Moreover,
one may also search for new BH solutions in more general theories containing (2.1) as the basic piece. The
most obvious example here would be to consider generalizations of the Kerr-Newman BHs in EGBd-Maxwell
23For example, the results in the recent work [40] show that the shadow of a spinning BH with scalar hair (for a model with
a massive complex scalar field) can be drastically different as compared to the GR results.
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theory. Also, it would be interesting to consider rotating solutions with different asymptotics, e.g. (anti)-de
Sitter asymptotics, by supplementing (2.1) with a cosmological term.
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A The critical solutions
As noted in Section 3.1, the spinning solutions BH on the fundamental branch cease to exist for rH smaller
than some critical value r
(cr)
H (α,ΩH).
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Figure 14: The quantity |p2/(4q)| − 1 which enters the discriminant ∆ of the equation (A.1) is shown as a
function of α/M2 for several values of the scaled angular velocity ΩH
√
α.
To understand this behaviour, one has to return to the horizon expansion of the metric functions (2.17),
and look for the expressions of higher order terms. Then, after some algebra, one finds that the second order
term φ2(θ) in the expansion of the scalar field φ(r, θ) = φ0(θ)+φ2(θ)(r/rH−1)2+ . . . is, similar to the static
limit, a solution of a quadratic equation,
φ22 + pφ2 + q = 0, (A.1)
where the coefficients p and q depend on f2(θ), l2(θ), and m2(θ), and on their first and second derivatives
24.
Then a real solution to the above equation exists only if ∆ = p2 − 4q > 0. In practice, we have monitored
this discriminant for a set of values of (α,ΩH) and observed that the solutions always cease to exist exactly
when ∆ becomes negative. This is illustrated in Figure 14.25
We mention that the analogous behaviour has been noticed for other non-spherically symmetric solutions
with a GB term in the action (see [24, 26]).
B The issue of extremal solutions
As discussed in Section 3, the numerical solutions with very small values of the Hawking temperature have
smooth metric functions which tend to well defined limits as TH → 0; however, their scalar field takes large
24We recall that the ratio f22 /m2 is constant (see relation (2.25)).
25We note, that for the spinning solutions we did not observe a minuscule branch whose mass increases when the horizon size
decreases, as present in the static case. While by continuity, such a branch should be present for sufficiently slowly rotating
BHs, its uncovering would need rather high numerical accuracy.
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values at the poles of the BH horizon. Thus, by extrapolating this result, it is natural to conjecture that the
extremal solution is singular, with a divergent scalar field.
A partial confirmation of this conjecture, together with some analytical understanding, can be achieved
when instead of solving the full bulk EGBd equations searching for extremal solutions, one attempts to
construct the corresponding near-horizon configurations. There one deals with a codimension one problem,
whose solutions are easier to study.
In this approach, following e.g. [41], one considers the following line element with an isometry group
SO(2, 1)× U(1):
ds2 = v1(θ)
2
(
−r2dt2 + dr
2
r2
+ β2dθ2
)
+ β2v22(θ) (dϕ−Krdt)2 , (B.1)
where β, K are real parameters, 0 ≤ r <∞, while θ, ϕ and t have the usual range. The above line element
would describe the neighbourhood of the event horizon of an extremal EGBd BH26 (and will be an attractor
for the full bulk solutions).
The equations satisfied by vi can be derived from the reduced Lagrangian
L = −2β2v1v2 + β4K
2v32
2v1
+
2v2v
′2
1
v1
+ 4v′1v
′
2 −
1
2
v1v2φ
′2 (B.2)
+ 2αγe−γφ
φ′
v1
(
2β2K2
v32v
′
1
v31
+ 4v′2 − 3β2K2
v22v
′
2
v21
+
4v′21 v2
β2v21
)
,
where a prime denotes a derivative w.r.t. the angular variable θ. Without any loss of generality, we set
K = 1 in the above relations27.
The Einstein gravity solution is found for α = 0, φ = const. and reads [42]
β = 1, v21 =
J
32π
(3 + 2 cos 2θ), v22 =
J
4π
sin2 θ
(1 + cos2 θ)
, (B.3)
with J an arbitrary parameter.
Although we have failed to find an exact solution in the general EGBd case, a solution can be constructed
perturbatively in α around the configuration (B.3), by taking
β = 1 + αβ1 + . . . , v1(θ) = v10(θ) + αv11(θ) + . . . , (B.4)
v2(θ) = v20(θ) + αv21(θ) + . . . , φ(θ) = φ0 + αφ1(θ) + . . . ,
where v10(θ) and v20(θ) are the Einstein gravity functions. By solving a linear ordinary differential equation,
one finds the following expression for φ1(θ):
φ1(θ) = c1 log(tan
θ
2
) + c2 + 64e
−γφ0γπ
(11 + 20 cos 2θ + cos 4θ)
J(3 + cos 2θ)2
(B.5)
−32e−γφ0 γπ
J
log(3 + cos 2θ) + 64e−γφ0
γπ
J
log(sin θ),
with c1, c2 constants of integration. One can easily see that, for any choice of the constants c1, c2 the
function φ1(θ) necessarily diverges at θ = 0 and/or θ = π.
One may argue that this is an artifact of the first order perturbation theory. However, we have failed
to find nonperturbative (numerical) solutions with the required asymptotics. Let us briefly describe our
approach. The approximate form of the (putative) solutions as θ → 0 is
v1(θ) = v10 − 1
4
β2v10θ
2 + . . . , v2(θ) = v10θ +
1
12
β2v10θ
3 + . . . , (B.6)
φ(θ) = φ0 +
9αγβ4eγφ0v210
192α2γ2 − 4e2γφ0v410
θ4 + . . . .
26It is interesting to note that, as discussed in [43] in a different context, the existence of the near horizon solution does not
guarantee the existence of a corresponding bulk configuration.
27This is a result of the scaling symmetry v2 → λv2, K → K/λ.
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A similar expression holds as θ → π (here we do not suppose the existence of a reflection symmetry in the
equatorial plane), with
v1(θ) = v¯10 − 1
4
β2v¯10(π − θ)2 + . . . , v2(θ) = v¯10(π − θ) + 1
12
β2v¯10(π − θ)3 + . . . , (B.7)
φ(θ) = φ¯0 +
9αγβ4eγφ¯0 v¯210
192α2γ2 − 4e2γφ¯0 v¯410
(π − θ)4,
where v10 and v¯10 are constants. In this approach, the shooting parameter is β and the solutions should
exist for a finite range of v10 and/or v¯10.
In our attempt, one starts with the asymptotics (B.6) for some fixed v10 and tries to adjust the parameter
β such that (B.7) is smoothly approached as θ → π. However, for all configurations we have found so far, this
was not the case. The scalar field φ(θ) is a monotonic function, having a tendency to diverge as θ → π. This
can be understood from the small α expansion (B.5), which thus remains valid also within a non-perturbative
approach.
The natural interpretation of these results is the absence of the EGBd solutions with a line element of
the form (B.1) and a regular scalar field. Thus the inclusion of a GBd term in the action does not allow for
the rotating BHs to approach extremality and remain regular.
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